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The Tangram is a sophisticated dissection puzzle consisting of seven flat polygons, called tans, which are
rearranged to form various shapes. While often perceived as a simple recreational toy, the Tangram serves as a
profound tool for exploring Euclidean geometry, plane topology, and spatial reasoning. From a technical
perspective, the puzzle represents a closed system where the total area remains constant across an infinite variety
of configurations, providing a practical application of the Law of Conservation of Area.

1. Theoretical Framework and Mathematical Foundation

The mathematical elegance of the Tangram lies in the specific geometric relationships between its seven
constituent pieces. To understand the Tangram technically, one must analyze it through the lens of a unit square.
When the seven pieces are assembled into their primary square configuration, they occupy a total area of s2, where
s is the side length of the large square.

1.1 The Seven Constituent Tans

The standard Tangram set is composed of the following specific geometries:

¢ Two Large Right Isosceles Triangles: Each occupies 1/4 of the total area.
¢ One Medium Right Isosceles Triangle: Occupies 1/8 of the total area.

« Two Small Right Isosceles Triangles: Each occupies 1/16 of the total area.
¢ One Square: Occupies 1/8 of the total area.

¢ One Parallelogram: Occupies 1/8 of the total area.

A critical technical observation is that all seven pieces are based on the same geometric modules. By taking the
small triangle as the base unit (area = 1 unit), the total area of the Tangram is 16 units. The large triangles are 4
units each, the medium triangle, square, and parallelogram are 2 units each, and the small triangles are 1 unit
each. This modularity allows for the decomposition and recomposition of shapes using integer-based area units.

1.2 Chiral Properties of the Parallelogram

From a topological standpoint, the Tangram pieces possess unique properties. Six of the pieces are achiral,
meaning they can be superimposed on their mirror images through rotation and translation within a 2D plane.
However, the parallelogram is chiral (enantiomorphic). To solve certain complex puzzles, the parallelogram must
be flipped over, which is a physical transformation that moves the piece through 3D space to change its 2D
orientation. This introduces a complexity level in computational solvers that must account for reflectional
transformations.

2. Technical Analysis of Tangram Construction

Precision is paramount when constructing a Tangram set for mathematical study. Inaccurate cuts lead to cumulative
errors that prevent the pieces from forming a perfect square or specific geometric solutions. The most rigorous
method involves a coordinate-based grid system.



2.1 The Coordinate Geometry Approach
By mapping the Tangram onto a Cartesian plane with a grid of 4x4 units, we can define the vertices (coordinates)
of every piece with absolute precision. This is the foundation for CAD (Computer-Aided Design)modeling of

Tangrams.



Piece Type Vertex 1 Vertex 2 Vertex 3 Vertex 4

Large Triangle A (0,0) (4,0) 2.2) -
Large Triangle B (0,0) (0,4) 2.2) -
Medium Triangle (4,4) 4,2) (2,4) -
Small Triangle A 2.2) (2,0) 3.1) -
Small Triangle B 2.2) 0.,2) (1,3) -
Square (2,4) 3.3) 2.2) 1,3)
Parallelogram (4,0) 4.,2) 3.3) 3.1)

2.2 Material and Tolerance Specifications

When manufacturing physical Tangram sets for educational use, dimensional stability is required. Using materials

like high-density polyethylene (HDPE) or laser-cut acrylic ensures that the edge lengths remain consistent. The kerf
(the width of the cut made by the laser or saw) must be accounted for in the initial measurements to ensure that
the sum of the parts exactly equals the whole. For a standard 10cm x 10cm Tangram, a tolerance of
&plusmn;0.05mm is recommended for high-level geometric proofs.

3. Solving Strategies and Algorithmic Logic

The challenge of solving a Tangram puzzle, such as "Incomplete Square 7," requires an understanding of spatial
constraints and combinatorial geometry. There are over 6,500 possible convex and non-convex shapes that can
be formed using all seven pieces without overlap.

3.1 Heuristic Search and Recursive Backtracking

In computational geometry, solving a Tangram is often treated as a tiling problem. A common algorithmic

approach is recursive backtracking. The algorithm attempts to place the largest pieces first (the large triangles)
because they have the most restricted placement options within a target silhouette. Once a piece is placed, the
algorithm moves to the next largest piece, checking for collisions and boundary violations. If a dead-end is reached,
the algorithm "backtracks" to the previous step and tries a different orientation.

3.2 Geometric Constraints
A valid Tangram solution must satisfy three primary constraints:
1. Completeness: All seven pieces must be used.
2. Non-overlap: No two pieces can occupy the same 2D coordinates.
3. Area Equality: The total area of the target shape must exactly equal the total area of the seven pieces. This is

particularly useful in identifying "paradoxes" where two shapes look identical, but one appears to have a hole or a
missing piece.

4. Comparison of Dissection Puzzles

To understand the technical standing of the Tangram, it is useful to compare it with other historically significant



dissection puzzles.



Puzzle Name Number of Pieces Primary Geometry Mathematical Focus

Tangram 7 Triangles, Square, Proportional reasoning &
Parallelogram Area conservation
Ostomachion 14 Irregular Polygons Combinatorics (536

solutions for square)

Pentominoes 12 Joined Squares Tessellation and polyomino
logic

T-Puzzle 4 Irregular Polygons Asymmetry and lateral
thinking

5. Pedagogical Implementation and Field Guide

In technical education and STEM curricula, Tangrams are utilized to transition students through the Van Hiele
Levels of Geometric Thought. This structured approach moves learners from simple visualization to formal
deduction.

5.1 Stage 1: Visualization (Level 0)

Students identify shapes based on their appearance. The objective here is pattern recognition. Instructors should
provide silhouettes and allow students to fill them using physical tans, focusing on how the orientation of the chiral
parallelogram affects the outcome.

5.2 Stage 2: Analysis (Level 1)

Students begin to identify the properties of the pieces. A technical exercise involves calculating the perimeter of
different shapes formed by the same seven pieces. This demonstrates that while area is constant, the perimeter
is variable, a fundamental concept in optimization and resource management.

5.3 Stage 3: Informal Deduction (Level 2)

Learners use the pieces to prove the Pythagorean Theorem. By placing the two small triangles and the square
together, they can form a larger triangle that is congruent to the medium triangle. This visual proof assists in
understanding the relationship between the squares of the sides of a right triangle (a2 + b2 = c?).

6. Case Study: The Tangram Paradox

One of the most famous technical challenges in Tangram study is the Paradox of the Missing Piece. Two figures
can be constructed using the seven pieces; they appear identical in silhouette, yet one figure has a small square-
shaped hole in its center. This is not a violation of the Law of Conservation of Area, but rather a subtle re-
distribution of dimensions.

Technical analysis shows that the overall dimensions of the paradox figures are slightly different. In one figure, the
pieces are arranged such that the outer boundaries are slightly expanded, consuming the area that would

otherwise form the "hole." This demonstrates the importance of precision in silhouette matchingand the
deceptive nature of visual area estimation.

7. Computational Implementation of Tangram Solvers



For developers creating digital Tangram applications, the underlying engine must handle collision detection and
snap-to-grid logic. Using a Vector Graphicsapproach (SVG) is superior to raster images because it allows for
infinite scaling and precise coordinate math.

7.1 Collision Detection Algorithm

The Separating Axis Theorem (SAT)is the industry standard for determining if two convex polygons (like the
Tangram pieces) are overlapping. Since all Tangram pieces are convex, SAT is highly efficient. For the
parallelogram, the solver must define its vertices as a set of vectors and check for overlaps against the other six
sets of vectors during every translation or rotation event.

7.2 Rotation and Pivot Points

Technically, the pivot point for rotation should be the centroidof each piece to ensure intuitive user interaction. For
the large triangles, the centroid is calculated as the average of the x and y coordinates of the three vertices.
Implementing 45-degree and 90-degree constraints (snapping) significantly improves the solvability of digital
puzzles, as all traditional Tangram solutions rely on these specific angular increments.

8. Advanced Geometric Properties and Area Ratios

The mathematical depth of the Tangram can be further explored by examining the irrational numbers involved in
its geometry. If the side of the small square piece is 1, then the hypotenuse of the small triangle is " 2. This
introduces students to surdsand the concept of irrational lengths in a tangible way. Every length in a Tangram set
can be expressed as either an integer or a multiple of " 2.



Piece Short Side Length Long Side Length Area (relative to total A)

(Hypotenuse)
Small Triangle 1 "2 1/16 A
Square 1 - 1/8 A
Medium Triangle "2 2 1/8 A
Large Triangle 2 2"2 1/4 A
Parallelogram 1(and " 2) - 1/8 A

This table illustrates the geometric progression within the set. The transition from side length 1 to " 2 and then to 2
shows a clear scaling factor of " 2, which corresponds to an area doubling at each second step in the sequence. This
is a practical demonstration of scaling laws: when the linear dimensions of a shape are multiplied by k, its area is
multiplied by k2.

9. Troubleshooting Common Structural Issues

In physical applications, such as manufacturing Tangram puzzles for commercial sale, several failure modes can
occur:

« Material Swell: Wooden Tangrams may absorb moisture, causing the pieces to expand unevenly. This ruins
the precise fit required for the square configuration. Solution: Use sealed hardwoods or synthetic composites.

¢ Vertex Rounding: Over time, the sharp points of the triangles may wear down. This leads to gaps in the
assembled puzzle. Solution: Implement a slight chamfer in the design or use high-impact materials.

e Parallelogram Orientation: Users often become frustrated when they cannot solve a puzzle because the

parallelogram is in the wrong "state."” Solution: Ensure both sides of the pieces are finished identically to encourage
flipping.
The Tangram remains a pinnacle of geometric design, balancing simplicity with extreme mathematical complexity.
Its application ranges from kindergarten classrooms to advanced robotic path-finding research. By mastering the
technical nuances of its area ratios, coordinate geometry, and algorithmic constraints, one gains a deeper
appreciation for the interplay between logic and spatial creativity. Whether utilized for cognitive development or as a
benchmark for computational geometry, the 7-piece Tangram continues to be a vital subject of technical study.
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